We consider the effect of non-secular resonances for interacting nuclear spins in solids which were predicted theoretically to exist in the presence of strong static and strong radio-frequency magnetic fields. These resonances imply corrections to the standard secular approximation for the nuclear spin-spin interaction in solids, which, in turn, should lead to an anomalous longitudinal relaxation in nuclear magnetic resonance experiments. In this article, we investigate the feasibility of the experimental observation of this anomalous longitudinal relaxation in calcium fluoride (CaF2) and conclude that such an observation is realistic.
I. INTRODUCTION
In this article, we consider effective nuclear spin-spin interaction in solids in the presence of strong static and strong radio-frequency (RF) magnetic fields that can be realized in nuclear magnetic resonance (NMR) experiments. In Ref. [1] , two of us showed that, in the above setting, the standard truncation procedure of the full magnetic dipole interaction introduced by Van Vleck [2] and Redfield [3] must be modified in the presence of nonsecular resonances associated with certain combinations of the static field, the RF field amplitude and the RF field frequency. At the non-secular resonances, significant non-secular terms appear in the effective spin-spin interaction Hamiltonian, which do not conserve the total polarization of the system along the direction of the effective magnetic field, which, in turn, leads to anomalous longitudinal relaxation. In the present article, we investigate the feasibility of observing this anomalous longitudinal relaxation in calcium fluoride (CaF 2 ).
The rest of this article is organized as follows: in Section II we summarize the theoretical description of the non-secular resonances, then, in Section III, we discuss general experimental constraints, and, in Section IV, the anomalous longitudinal relaxation is described in the light of these constraints. Thereafter we introduce a possible experimental procedure for observing the anomalous longitudinal relaxation in Section V and provide estimates for the relevant parameters in Section VI.
II. THEORY OF NON-SECULAR RESONANCES
Let us consider a cubic lattice of nuclear spins 1/2 in a static magnetic field along the z-axis, H 0 ≡ (0, 0, H 0 ), irradiated by an RF field rotating in the x-y plane with * chahan.kropf@physik.uni-freiburg. 
where
is the Zeeman term,
is the RF term, and
is the full magnetic dipole interaction. Here I i ≡ (I ix , I iy , I iz ) are the operators of the nuclear spin 1/2 of the ith lattice site, r ij ≡ (r ij,x , r ij,y , r ij,z ) are the displacement vectors between two lattice sites i and j, and γ is the gyromagnetic ratio. The characteristic time of the spin-spin relaxation induced by the Hamiltonian H dip is to be denoted as T 2 . In the presence of the strong static field only, it characterizes the time scale of the non-exponential relaxation of the total nuclear magnetization transverse to the direction of the static field. The characteristic time of the relaxation due to the interaction of nuclear spins with the lattice environment not included in the Hamiltonian (1) (paramagnetic impurities and phonons in CaF 2 ) is to be denoted as T 1 . In a strong static field, T 1 is the decay constant of the exponential longitudinal relaxation along the direction of the static field. We further introduce the Larmor frequency Ω 0 = γH 0 and the nutation frequency In Ref. [1] , the regime Ω 0 , ω 1 1/T 2 1/T 1 was considered. The first of these inequalities implies the separation of time scales between the fast motion due to the external fields and the slow motion due to the spin-spin interaction. The second inequality allows us to consider nuclear spins as isolated from the environment on time scales much shorter than T 1 . The effective spinspin interaction Hamiltonian was calculated by averaging the full interaction Hamiltonian H dip over the fast spin motion induced by the terms H z + H rf .
In the Heisenberg representation of quantum mechanics, this fast motion is described by the following equation for each of the spins :
where H(t) = H 0 + H 1 (t). The above equation is linear in terms of the spin operators (I ix , I iy , I iz ), and, therefore, its predictions for quantum spins are the same as the prediction of the analogous equation for classical spin vectors with projections (I ix , I iy , I iz ). Despite its linearity, Eq. (5) would not be solvable analytically either classically or quantum mechanically for an arbitrary timedependent H(t). However, for the rotating RF field considered here, the solution is based on the transformation from the laboratory reference frame into the reference frame rotating around the z-axis with frequency ω (see Fig. 1 ). (The x r -axis in the rotating frame coincides with the direction of the RF field.) The equations of motion in the rotating frame have the same form as Eq. (5) but with H(t) now equal to the time-independent effective magnetic field H e = (H 1 , 0, H 0 + ω/γ). As a result, the motion of each spin I i in the laboratory reference frame can be characterized as a Larmor precession with frequency
around the direction of H e that itself rotates with frequency ω around the z-axis.
The standard secular truncation due to Redfield [3] assumes that one can perform independently the averaging over the above two rotations, and hence it first cancels all terms of H dip not commuting with H z , and then, it separately cancels the remaining terms not commuting with H rf . This leads to the effective secular interaction Hamiltonian
where the operators I ix , I iy , I iz are the spin projections in the reference frame rotating at frequency Ω e around H e and α is the angle between H e and H 0 , which can be expressed as
Independent averaging over the rotation around H e and the rotation of H e around H 0 becomes questionable when the frequencies of these two rotations are commensurate with each other. In Ref. [1] , two of the authors have found that, for some of these commensurate relations, averaging over the above two rotations indeed leads to additional non-secular corrections H ns to H sec . The following five possible non-secular resonant conditions were identified:
When the value of ω following from Eqs. (9)- (13) is negative, this indicates that the frequency vector ω is anti parallel to H 0 . In the present article, for reasons to be explained shortly, we focus on the resonant condition (11), in which case the non-secular correction to H ns is
The form of H ns for the other four resonant conditions can be found in [1] . Each of those four Hamiltonians, analogously to the one given by Eq. (14), has an α-dependent prefactor, which controls the strength of the non-secular coupling. These prefactors are plotted in Fig. 2 . (13) as a function of H1/H0 for H1 < 0.5H0. Each curve is labelled with the corresponding non-secular resonance condition and its leading-order approximation in H1/H0 (indicated with ≈), and with the α-dependent prefactor of the corresponding Hamiltonian Hns. In this article we focus on resonance condition ω = −2Ω0 (11) (green). The other resonances are: ω = −1/3Ω0 (13) (turquoise), ω = +Ω0 (12) (blue), ω = −2/3Ω0 (10) (yellow), and ω = −1/2Ω0 (9) (red and pink). The latter resonance conditions labels two distinct curves because the corresponding non-secular Hamiltonian Hns is the sum of two parts with different prefactors, which are both shown here.
III. LIMIT H1 H0
From the theoretical perspective, the non-secular resonance conditions (9)-(13) are best tested when both H 0 and H 1 are of the same order of magnitude. However, these magnetic fields are subject to the following constraints in a typical NMR setting: On the one hand, the magnetization induced voltage is proportional to H 2 0 , which means that H 0 should not be too small for a given noise level. We assume that H 0 ≥ 2500 G is needed for the usual signal detection. On the other hand, it is difficult to generate a continuous RF field with an amplitude greater than 100 G due to the associated heating. We therefore assume that H 1 ≤ 100 G. The above considerations leave us with the condition H 1 /H 0 1. In such a case, H ns H sec . Nevertheless, the effect of H ns may still be observable because H ns does not conserve the projection of the total nuclear polarization on the direction of H e , while H sec does. As a result, H ns leads to an anomalous longitudinal relaxation of the total nuclear magnetization. Whether such an anomalous relaxation is observable experimentally is the focus of the remaining part of this article.
It was obtained in Ref. [1] , and illustrated in Fig. 2 , that the non-secular Hamiltonians corresponding to the different non-secular resonances (9)-(13) are of different order in H 1 /H 0 for H 1 /H 0 1. This order is linear for the resonances (11) and (12), and higher than linear for the rest, which means that the non-secular Hamiltonians for resonances (11) and (12) are the largest and hence the most promising for the experimental detection. The second of the above resonances, however, has frequency ω ≈ Ω 0 , while, in our sign convention, the fundamental Larmor frequency of NMR experiments is −Ω 0 . Therefore, an excitation coil that produces a genuine circularly polarized RF field with ω = +Ω 0 would be needed (note that any component at −Ω 0 could easily saturate the spin system).
The above considerations leave us with the resonant condition (11) as the most promising one for detecting the anomalous longitudinal relaxation.
The condition H 1 /H 0 1 implies two more simplifications for an experiment: (1) Away from ω = ±Ω 0 , it allows us to apply the results obtained with a rotating RF field summarized in Section II to the case of a linearly polarized RF-field, because the effect of the counterrotating component averages out. (2) In the leading order, the nonsecular resonant conditions are independent of H 1 , which implies that these conditions are insensitive to the inhomogeneity of H 1 caused by a realistic RF coil. The resulting anomalous relaxation rate may still vary across the sample, but this would not cancel the overall effect.
Finally, we would like to mention here that the inhomogeneity of H 0 over the sample, ∆H 0 , is another factor controlling the accuracy of the nonsecular resonances. However, even when assuming a large inhomogeneity of ∆H 0 /H 0 = 10 −5 , we obtain for H 0 = 10 4 G a value of ∆H 0 = 0.1 G, which is still quite tolerable, because it is much smaller than that of a typical local field, h loc ∼ 1 G, with which nuclear spins act on each other (see section VI). As explained in Ref. [1] , the nonsecular resonant condition is defined with accuracy ∆ω = ±γh loc .
IV. ANOMALOUS LONGITUDINAL RELAXATION
The dipolar spin-spin interaction (4) can be understood as each spin I i interacting with a local field h i,loc created by all the other spins so that H dip = i γ I i · h i,loc . Analogously, the secular (7) and the non-secular (14) effective Hamiltonians can be expressed in terms of local fields h For the estimates to follow below we need only to consider the average value of the local fields rather than the site to site fluctuations and therefore we drop the subscript i in h i,loc .
The transverse decay time associated with the secular term can then be estimated as the inverse rootmean-squared (rms) value of the local field, T 2 = 2πγ −1 (h sec loc ) 2 −1/2 . The anomalous longitudinal relaxation time cannot be similarly estimated from the inverse rms value of h ns loc , because, given h ns loc h sec loc , the effect of h ns loc is averaged out in the leading order by the faster motion induced by h sec loc . In the next order of perturbation theory, one expects the anomalous longitudinal relaxation to become exponential with a time constant that can be estimated as
This situation is similar to the case of exchange narrowing [4] . The above anomalous relaxation causes the magnetization parallel to H e to decay to zero. Simultaneously, the usual spin-lattice relaxation drives the magnetization along H 0 towards the equilibrium value M 0 . Given H 1 /H 0 1, H e is nearly parallel to H 0 . This means that the equation for the combined spin-lattice and anomalous longitudinal relaxation for the z-projection of the total magnetization (parallel to H 0 ) can be written [5, 6] as:
The new equilibrium value is thus
Therefore, when T ns 1 ≤ T 1 , the equilibrium magnetization at the nonsecular resonance becomes significantly smaller than away fron the resonance. In particular, in the limit T and thus the larger the RF field amplitude, the shorter T ns 1 .
V. EXPERIMENTAL PROCEDURE
We here propose a (double-resonance) experimental procedure in five steps for observing the anomalous longitudinal relaxation :
1. Polarizing the system in the static magnetic field H 0 2. Turning on the linearly polarized RF field H 1 at frequencies ω close to 2Ω 0 .
3. Waiting for a time τ ≥ T ns 1 . 4. Turning off the RF field 5. Applying a π/2-pulse (at ω = Ω 0 ) and recording the initial intensity of the free-induction decay signal
As follows from previous section, we expect that, for waiting times τ ≥ T ns 1 , the measured total longitudinal polarization (initial value of the free-induction decay signal in step 5) for ω = 2Ω 0 should be significantly reduced as compared to the off-resonance situation. The width of the nonsecular resonance condition is expected to be of the order of γh sec loc .
VI. ESTIMATES OF THE ANOMALOUS LONGITUDINAL RELAXATION TIME FOR CAF2
Here, we estimate T ns 1 for two sets of the static and the RF fields: one we believe to be rather optimistic, H 1 = 30 G. We will further assume a longitudinal relxation time of T 1 = 80 s, which approximately corresponds to the value measured at 20 K in Ref. [7] .
The estimates of T is then still about one order of magnitude shorter than T 1 . Thereby, the calculated T ns 1 are all smaller than T 1 and we conclude that the anomalous longitudinal relaxation is detectable.
VII. CONCLUSION
We proposed a nuclear magnetic resonance experiment to verify the existence of the anomalous longitudinal NMR relaxation caused by non-secular resonances predicted in [1] . Given the estimates presented in Table  I , we conclude that the experimental observation of the anomalous longitudinal relaxation is feasible in CaF 2 .
